Let G be a graph with vertex set
Introduction
Let G be a finite, simple, undirected, and connected graph with vertex set V (G) and edge set E(G). In this paper, we initiate the study of the fractional k-metric dimension of graphs. The paper is organized as follows. Let G be a connected graph and let κ(G) = min{|R{x, y}| : x = y and x, y ∈ V (G)}. In section 2, we compare dim k f (G) with dim k (G) for certain k, and we recall some results on the fractional metric dimension of graphs. In section 3, we prove that dim k f (G) ≥ k dim f (G) for any k ∈ [1, κ(G)]; we describe a condition for which dim , we determine the fractional k-metric dimension of trees, cycles, wheel graphs, the Petersen graph, a bouquet of cycles (i.e., the vertex sum of cycles at one common vertex), complete multi-partite graphs, and grid graphs (i.e., the Cartesian product of two paths). Along the way, we give an example showing that dim k f (G) − k dim f (G) can be arbitrarily large for some k ∈ (1, κ(G)].
We conclude this paper with some open problems.
Preliminaries
In this section, we make some observations involving dim k f (G) for k ∈ [1, κ(G)], or dim k (G) for k ∈ {1, 2, . . . , κ(G)}. We also recall some results on the fractional metric dimension of graphs. We begin with some observations. Two distinct vertices x, y ∈ V (G) are called twin vertices if N (x) − {y} = N (y) − {x}.
Observation 2.1. Let G be a connected graph and let k ∈ [1, κ(G)]. If two distinct vertices x and y are twin vertices in G, then R{x, y} = {x, y}, and thus κ(G) = 2 and g(x) + g(y) ≥ k for any k-resolving function g of G.
Observation 2.2. Let G be a connected graph.
(c) [2, 12] For k ∈ {1, 2, . . . , κ(G)},
Observation 2.2 provides inequalities between any two graph parameters among dim f (G), dim(G), dim First, we show that dim k f (G) − dim(G) can be arbitrarily large for some k ∈ (1, κ(G)]. Let P n be the path on n vertices, where n ≥ 3. Then dim(P n ) = 1 ≤ dim k f (P n ) for k ∈ [1, n − 1] and dim n−1 f (P n ) = n (see Proposition 4.1) ; thus, dim n−1 f (P n ) − dim(P n ) = n − 1 can be arbitrarily large.
Second, we show that dim(G) − dim k f (G) can be arbitrarily large for some k ∈ (1, κ(G)]. Let K n be the complete graph on n vertices, where n ≥ 3. Then dim(K n ) = n − 1 and dim k f (K n ) = kn 2 for k ∈ [1, 2] (see Proposition 4.12) ; thus, dim(
− 1 can be arbitrarily large for some k = 1 + ǫ ∈ (1, 2] , where ǫ > 0 is arbitrarily small.
As stated in Observation 2.2(b), dim
k (G) ≥ dim k f (G) for each k ∈ {1, 2, . . . , κ(G)}. We will show that dim k (G) − dim k f (G) can be arbitrarily large for some k ∈ {1, 2, . . . , κ(G)}. Then, for each odd k ∈ {1, 2, . . . , 2s}, dim
can be arbitrarily large for big enough n.
Proof. Let G be the graph as described. For each i ∈ {1, 2, . . . , n}, let T i be the subtree of G consisting of the only major vertex u i , together with the u i − a i,0 path, the u i − b i,0 path, and the u i − c i,0 path; further, let P i,a be the a i,s−1 − a i,0 path, P i,b the b i,s−1 − b i,0 path, and P i,c the c i,s−1 − c i,0 path. We will determine κ(G), dim k (G) for k ∈ {1, 2, . . . , κ(G)}, and dim
Claim 1: κ(G) = 2s. Let x and y be two distinct vertices of G. First, let x, y ∈ V (T i ) for some i ∈ {1, 2, . . . , n}. If both x and y lie on the u i − a i,0 path, then R{x, y} ⊇ V (P i,b ) ∪ V (P i,c ) with |R{x, y}| ≥ |V (P i,b )| + |V (P i,c )| = s + s = 2s; similarly, if both x and y lie on the u i − b i,0 path or the u i − c i,0 path, then |R{x, y}| ≥ 2s. If x and y lie on two distinct paths among P i,a , P i,b , and
. If x and y lie on two distinct paths among P i,a , P i,b , and P i,c with d(u i , x) = d(u i , y), say x ∈ V (P i,a ) and y ∈ V (P i,b ) with d(u i , x) = d(u i , y) without loss of generality, then R{x, y} ⊇ V (T j ) with |R{x, y}| ≥ |V (T j )| = 3s + 1, where j ∈ {1, 2, . . . , n} − {i}. Second, let x ∈ V (T i ) and y ∈ V (T j ) for two distinct i, j ∈ {1, 2, . . . , n}, say x lies on the u i − a i,0 path and y lies on the u j − a j,0 path, without loss of generality. Then R{x, y} ≥ 2s, since at most one vertex lying on the a i,0 − a j,0 path is at equal distance from both x and y. So, κ(G) = 2s.
if k is odd.
For each i ∈ {1, 2, . . . , n}, note that
. Let S be any k-resolving set of G. Then, for each i ∈ {1, 2, . . . , n}, we have the following inequalities:
We consider two cases. Case 1: k is even. By summing over the three inequalities (e1), (e2), and (e3), we have
2 : (i) if two distinct vertices x and y lie on the u i − a i,0 path, then
if both x and y lie on the u i − b i,0 path or the u i − c i,0 path, we have |W ∩ R{x, y}| ≥ k); (ii) if x and y lie on two distinct paths among P i,a , P i,b , and
x and y lie on two distinct paths among P i,a , P i,b , and
. . , n}, say x lies on the u i − a i,0 path and y lies on the u j − a j,0 path with
for each i ∈ {1, 2, . . . , n}. Then W is a k-resolving set of G with |W | = (3k+1)n 2 : (i) if two distinct vertices x and y lie on the u i − a i,0 path or the u i − b i,0 path, say the former, then W ∩R{x, y} ⊇ W ∩(V (P i,b )∪V (P i,c )) with |W ∩R{x, y}| ≥ 
(iv) if x and y lie on two distinct paths P i,a and P i,c , or P i,b and P i,c , say the former, with d(
(v) if x and y lie on two distinct paths among P i,a , P i,b , and P i,c , with
2 , where j ∈ {1, 2, . . . , n} − {i}; (vi) if x ∈ V (T i ) and y ∈ V (T j ) with d(u i , x) = d(u j , y) for two distinct i, j ∈ {1, 2, . . . , n}, say x lies on the u i − a i,0 path and y lies on the u j − a j,0 path with
, and thus |W ∩ R{x, y}| ≥ 2k; (vii) if x ∈ V (T i ) and y ∈ V (T j ) with d(u i , x) = d(u j , y) for two distinct i, j ∈ {1, 2, . . . , n}, say x lies on the u i − a i,0 path and y lies on the u j − a j,0 path with
2 , and hence dim
2 . Also note that h is a k-resolving function of G: (i) if two distinct vertices x and y lie on the u i − a i,0 path, then h(R{x, y}) ≥ h(V (P i,b ) + h(V (P i,c )) = k (the cases for both x and y lying on the u i − b i,0 path or the u i − c i,0 path are similar); (ii) if x and y lie on two distinct paths among P i,a , P i,b , and
By Claim 2 and Claim 3, we conclude that, for each odd k ∈ {1, 2, . . . , 2s}, dim
Next, we recall some results on the fractional metric dimension of graphs. One can easily see that, for any connected graph G of order at least two,
(see [2] ). For the characterization of graphs G achieving the lower bound, see Theorem 2.7(a). Regarding the characterization of graphs G achieving the upper bound, the following Theorem is stated in [2] and a correct proof is provided in [21] . 
is given in [3] . We recall the following construction from [3] . Let K = {K n : n ≥ 2} and K = {K n : n ≥ 2}, where K n is the complete graph on n vertices and K n is the edgeless graph on n vertices. Let H[K ∪ K] be the family of graphs obtained from a connected graph H by (i) replacing each vertex u i ∈ V (H) by a graph H i ∈ K ∪ K, and (ii) each vertex in H i is adjacent to each vertex in H j if and only if u i u j ∈ E(H).
Now, we recall the fractional metric dimension of some classes of graphs. We begin by recalling some terminologies. Fix a graph G. The number of leaves of
for every other major vertex w. The terminal degree ter G (v) of a major vertex v is the number of terminal vertices of v. A major vertex v is an exterior major vertex if it has positive terminal degree. Let ex(G) denote the number of exterior major vertices of G, and let ex a (G) denote the number of exterior major vertices u with ter G (u) = a.
is a bouquet of m cycles with a cut-vertex (i.e., the vertex sum of m cycles at one common vertex), where
3 Some general results on fractional k-metric dimension
Let G be a connected graph and let κ(G) = min{|R{x, y}| : x = y and x, y ∈ V (G)}. In this section, we show that dim
we give an example satisfying dim
We also describe a condition for which dim
We conclude with an example such that two non-isomorphic graphs H 1 and H 2 satisfy dim
We begin by comparing the fractional metric dimension and the fractional k-metric dimension of graphs.
Lemma 3.1. For any connected graph G and for any
Proof. Let P 5 be given by u 1 , u 2 , u 3 , u 4 , u 5 , and let g :
On the other hand, dim f (P 5 ) = 1 by Theorem 2.7(a), and thus, 4 dim f (P 5 ) = 4 < 5 = dim 4 f (P 5 ).
Next, we examine the conditions for which dim 
Next, we obtain the lower and upper bounds of dim k f (G) in terms of k, κ(G), and the order of G.
where both bounds are sharp.
Proof. The lower bound is trivial. For the upper bound, let g :
Next, we characterize graphs G achieving the lower bound and the upper bound, respectively, of Corollary 3.6. Let R κ (G) = (b) (⇐) Let k = κ(G) = κ and V (G) = R κ (G). Then, for any vertex v ∈ V (G), there exist two distinct vertices x, y ∈ V (G) such that v ∈ R{x, y} with |R{x, y}| = κ. Since any κ-resolving function g of G must satisfy g(R{x, y}) ≥ κ and g(v) ≤ 1 for each v ∈ V (G), g(u) = 1 for each u ∈ R{x, y} with |R{x, y}| = κ.
Proof. (a) (⇐) If
is a function defined by h(w) = 0 and h(v) = 1 for each v ∈ V (G) − {w}, then h is a κ-resolving function of G with h(V (G)) = n − 1, which contradicts the assumption that dim
, forms a minimum resolving set of G. We conclude this section with an example showing that two non-isomorphic graphs can have the same κ and identical k-fractional metric dimension for all k ∈ [1, κ] . Remark 3.9. There exist non-isomorphic graphs H 1 and H 2 such that dim 
4 The fractional k-metric dimension of some graphs
In this section, we determine dim
when G is a tree, a cycle, a wheel graph, the Petersen graph, a bouquet of cycles, a complete multi-partite graph, or a grid graph (the Cartesian product of two paths). Along the way, we provide an example showing that dim
can be arbitrarily large for some k ∈ (1, κ(G)]. First, we determine dim k f (G) when G is a path. Proposition 4.1. Let P n be an n-path, where n ≥ 2. Then dim
Proof. Let P n be an n-path given by u 1 , u 2 , . . . , u n , where n ≥ 2; then κ(P 2 ) = 2 and κ(P n ) = n − 1 for n ≥ 3. Since a function h defined on
by Theorem 2.7(a) and Corollary 3.4. So, let n ≥ 3 and we consider two cases.
and g(u i ) = 0 for each i ∈ {2, . . . , n − 1}, then g is a minimum resolving function of P n : (i) for any two distinct vertices x, y ∈ V (P n ), R{x, y} ⊇ {u 1 , u n }, and hence g(R{x, y}) ≥ g(u 1 ) + g(u n ) = 
by Lemma 3.3 and Theorem 2.7(a). Case 2: k ∈ (2, n − 1]. Note that n ≥ 4 in this case since κ(P 3 ) = 2. Let h :
. . , n−2}. By summing over the (n−2) inequalities, we have (n−2)h(V (P n ))−
note that the minimum of h(V (P n )) is
otherwise .
Then g is a k-resolving function of P n : (i) 0 < k−2 n−3 ≤ 1 for any k ∈ (2, n − 1]; (ii) for any two distinct i, j ∈ {1, 2, . . . , n}, g(R{u i , u j }) ≥ 2 + (n − 3)
Second, we determine dim k f (T ) when T is a tree that is not a path. Let M(T ) be the set of exterior major vertices of a tree T of terminal degree greater than one. Let M 2 (T ) = {w ∈ M(T ) :
For any vertex v ∈ M(T ), let T v be the subtree of T induced by v and all vertices belonging to the paths joining v with its terminal vertices. We recall the following result on κ(T ).
Theorem 4.2. [12] For a tree T that is not a path,
{d(ℓ i , ℓ j ) : ℓ i and ℓ j are two distinct terminal vertices of w}.
We begin by examining dim k f (T ) when T is a tree with exactly one exterior major vertex. 
Proof. For each i ∈ {1, 2, . . . , a}, let s i be the neighbor of v lying on the v − ℓ i path, and let P i denote the
for each vertex u ∈ V (P i ), where i ∈ {1, 2, . . . , a}.
(1)
If two distinct vertices x and y lie on the v − ℓ i path for some i ∈ {1, 2, . . . , a}, then g(R{x, y})
, and we consider two cases. Case 1: k ∈ [1, 2d(v, ℓ 1 )]. In this case, the function g in (1) is a k-resolving function of T :
2d(v,ℓ i ) ≤ 1 for i ∈ {1, 2, . . . , a}; (ii) g(R{x, y}) ≥ k, for any two distinct vertices x and y in T , as shown in the proof for (a). So, dim
for each vertex u ∈ V (P j ), where j ∈ {2, . . . , a}.
, . . . , a}; (ii) if two distinct vertices x and y lie on the v−ℓ i path for some i ∈ {1, 2, . . . , a}, then
since at most one vertex in T can be at equal distance from both x and y in T ; (iv) if x ∈ V (P i ) and y ∈ V (P j ) with
Next, we determine dim k f (T ) for a tree T with ex(T ) ≥ 1. We begin with the following lemma, which, besides being useful for Theorem 4.5, bears independent interest. Lemma 4.4. Let w and w ′ be distinct exterior major vertices of a tree T . Suppose x ∈ V (T w ) and y ∈ V (T ′ ), where
Proof. First, suppose y ∈ V (T w ′ ). Assume, for contradiction, that there exist u ∈ V (T w ) and
. Let us call a path leading from w to any of its leaves a "w-terminal path". We may assume that u and x lie in the same w-terminal path, since d(x, u) = d(y, u) implies d(x, w) = d(y, w) if u and x lie in distinct w-terminal paths. Likewise, we assume v and y lie in the same w ′ -terminal path. After writing the two equations (2) in terms of components a, b, c, d, e and simplifying, we obtain b + c + d = 0. This means that b = c = d = 0, since all variables denote (nonnegative) distances. In particular, the distinctness of w and w ′ is contradicted by c = 0. y) in this case. So, for contradiction, we may assume that
Theorem 4.5. Let T be a tree with
}, where i ∈ {1, 2, . . . , a}. For each w j ∈ M 3 (T ), let ter T (w j ) = t j and let ℓ j,1 , ℓ j,2 , . . . , ℓ j,t j be the terminal vertices of w j , and let s j,m be the neighbor of w j lying on the w j − ℓ j,m path, where j ∈ {1, 2, . . . , b} and m ∈ {1, 2, . . . , t j }; further, let P j,m denote the s j,m − ℓ j,m path. Let g :
If M 3 (T ) = ∅, then R{s j,α , s j,β } = V (P j,α ) ∪ V (P j,β ) for any two distinct α, β ∈ {1, 2, . . . , t j }, where j ∈ {1, . . . , b}. This, together with the argument used in the proof of Proposition 4.3, we have
Thus, by (4) and (5), we have
Next, we show that dim
We construct g by induction on |M(T )|. The base case, |M(T )| = 1, is given by Proposition 4.3. So, suppose that a k-resolving function satisfying (6) exists for any tree
Consider a tree T with |M(T )| = m + 1 ≥ 2. There exists an exterior major vertex w ∈ M(T ) with κ(
where h : V (T w ) → [0, 1] is a function defined according to w in three parts:
For w ∈ M 3 (T ), let ℓ 1 , ℓ 2 , . . . , ℓ α be the terminal vertices of w with d(w, ℓ 1 ) ≤ d(w, ℓ 2 ) ≤ . . . ≤ d(w, ℓ α ), where α ≥ 3. Let P i denote the w − ℓ i path, where i ∈ {1, 2, . . . , α}. For (b) and (c), let
for each vertex u ∈ V (P i ) − {w}, where i ∈ {1, 2, . . . , α}.
for each vertex u ∈ V (P j ) − {w}, where j ∈ {2, . . . , α}.
The function g, thus defined from g ′ on T ′ , is readily seen to satisfy (6) on T and that 0 ≤ g(u) ≤ 1 for each u ∈ V (T ). So, let x and y be two distinct vertices of T ; we will show that g(R{x, y}) ≥ k.
First, let x, y ∈ V (T ′ ); then g(R{x, y}) = g ′ (R{x, y}) ≥ k by the inductive hypothesis. Second, let x ∈ V (T w ) and Therefore, g is a k-resolving function of T , and we have dim
Next, we provide an example showing that dim 
can be arbitrarily large, as α or β gets big enough.
Next, we determine the fractional k-metric dimension of cycles. 
Proof. Let C n be an n-cycle given by u 1 , u 2 , . . . , u n , u 1 , where n ≥ 3, and let
First, let n be even; then κ(C n ) = n − 2. Let g : V (C n ) → [0, 1] be a function defined by g(u i ) = k n−2 for each i ∈ {1, 2, . . . , n}. Note that g is a k-resolving function of C n : (i) for each i ∈ {1, 2, . . . , n}, 0 ≤ g(u i ) ≤ 1 since k ≤ κ(C n ) = n − 2; (ii) for two distinct i, j ∈ {1, 2, . . . , n}, n − 2 ≤ |R{u i , u j }| ≤ n, and hence g(
Second, let n be odd; then κ(C n ) = n − 1. Let h : V (C n ) → [0, 1] be a function defined by h(u i ) = k n−1 for each i ∈ {1, 2, . . . , n}. Then h is a k-resolving function of C n : (i) for each i ∈ {1, 2, . . . , n}, 0 ≤ h(u i ) ≤ 1 since k ≤ κ(C n ) = n − 1; (ii) for two distinct i, j ∈ {1, 2, . . . , n}, n − 1 ≤ |R{u i , u j }| ≤ n, and hence h(R{u i , u j }) ≥ (n − 1) 
(a). We provide an example of a graph
Next, we determine the fractional k-metric dimension of wheel graphs.
Proposition 4.9. For the wheel graph W n , where n ≥ 5,
if n = 6 and k ∈ [1, 4] ,
Proof. For n ≥ 5, the wheel graph W n = C n−1 + K 1 is obtained from an (n − 1)-cycle C n−1 by joining an edge from each vertex of C n−1 to a new vertex, say v; let the C n−1 be given by 
Case 2: n ≥ 6. First, we show that κ(W n ) = 4 in this case. For each i ∈ {1, 2, . . . , n − 1}, R{v, u i } = (V (W n )−N (u i ))∪{v} with |R{v, u i }| = n−2 ≥ 4. For two distinct i, j ∈ {1, 2, . . . , n−1},
Second, let n = 6; we show that dim
by Theorem 2.7(e), g is a minimum resolving function of W 6 . By Corollary 3.4 and Theorem 2.7(e), dim
for each i ∈ {1, 2, . . . , n − 1}, then h is a minimum resolving function of W n : (i) for each i ∈ {1, 2, . . . , n − 1}, |R{v, u i }| ≥ n − 2 ≥ 5, and hence h(R{v, u i }) ≥ 4( 1 4 ) = 1; (ii) for two distinct i, j ∈ {1, 2, . . . , n − 1}, |R{u i , u j }| ≥ 4 and v ∈ R{u i , u j }, and thus h(R{u i , u j }) ≥ 4(
by Theorem 2.7(e). By Corollary 3.4 and Theorem 2.7(e), dim
Next, we determine the fractional k-metric dimension of the Petersen graph.
Proposition 4.10. For the Petersen graph P and for
Proof. Note that P is 3-regular and vertex-transitive. Since diam(P) = 2, any two distinct vertices in P are either adjacent or at distance two apart.
We first show that κ(P) = 6. For any two distinct vertices x and y in P, R{x, y} N (y) ) and |R{x, y}| = 6: (i) if xy ∈ E(P), then N (x) ∩ N (y) = ∅ and x ∈ N [y] and y ∈ N [x]; (ii) if xy ∈ E(P), then |N (x) ∩ N (y)| = 1. So, κ(P) = 6. Now, let k ∈ [1, 6] . Since dim k f (P) ≥ k dim f (P) by Lemma 3.1, it suffices to show that dim
by Theorem 2.7(c).
Next, we determine the fractional k-metric dimension of a bouquet of cycles. 
Proof. Let v be the cut-vertex of B m . For each i ∈ {1, 2, . . . , m}, let C i be a cycle given by v, u i,1 , u i,2 , . . . , u i,r i , v and let P i = C i − {v} be a path given by u i,1 , u i,2 , . . . , u i,r i . We may assume that r 1 ≤ r 2 ≤ . . . ≤ r m , by relabeling if necessary. First, suppose that x, y ∈ V (C i ) for some i ∈ {1, 2, . . . , m}.
and C i is an even cycle, then R{x, y} = V (P i ) − {u i,⌈ r i 2 ⌉ } with |R{x, y}| = r i − 1; here, we note that r i − 1 ≥ r 1 − 1 if C 1 is an even cycle, and r i − 1 ≥ r 1 , i = 1, if C 1 is an odd cycle.
Second, suppose that x ∈ V (P i ) and y ∈ V (P j ) for two distinct i, j ∈ {1, 2, . . . , m}; we may assume that x lies on the u i,1 − u i,⌈ , and r j ≥ 3. If r j = 3, then R{x, y} ⊇ V (P i,1 ) ∪ V (P j ). If r j ≥ 4, then at most two vertices in C j are at equal distance from x and y; thus, R{x, y} ⊇ V (P i,1 ) ∪ (V (P j ) − {w 1 , w 2 }) such that w t ∈ V (P j ) with d(w t , x) = d(w t , y), Now, we consider the fractional k-metric dimension of the grid graphs (i.e., the Cartesian product of two paths). The Cartesian product of two graphs G and H, denoted by G H, is the graph with the vertex set V (G) × V (H) such that (u, w) is adjacent to (u ′ , w ′ ) if and only if either u = u ′ and ww ′ ∈ E(H), or w = w ′ and uu ′ ∈ E(G). See Figure 1 for the labeling of P 6 P 4 . We [5] For s, t ≥ 2, κ(P s P t ) = s + t − 2 and dim k (P s P t ) = 2k, where k ∈ {1, 2, . . . , s + t − 2}. Proposition 4.14. For k ∈ [1, s + t − 2], dim k f (P s P t ) = k dim f (P s P t ) = 2k, where s, t ≥ 2.
Proof. By Theorem 4.13, κ(P s P t ) = s + t − 2 for s, t ≥ 2; note that R{(u 1 , w 2 ), (u 2 , w 1 )} = {(u 1 , w j ) : 2 ≤ j ≤ t} ∪ {(u i , w 1 ) : 2 ≤ i ≤ s} with |R{(u 1 , w 2 ), (u 2 , w 1 )}| = t − 1 + s − 1 = s + t − 2.
Let s ≥ t ≥ 2. We will show that dim k f (P s P t ) = k dim f (P s P t ) = 2k for any k ∈ [1, s + t − 2]. By Lemma 3.1 and Theorem 2.7(h), dim k f (P s P t ) ≥ k dim f (P s P t ) = 2k for k ∈ [1, s + t − 2]. So, it suffices to prove that dim Note that g(V (P s P t )) = 2k. We will show that g is a k-resolving function of P s P t . Clearly, 0 ≤ k s+t−2 ≤ 1 for k ∈ [1, s + t − 2]. Let (u a , w b ) and (u x , w y ) be two distinct vertices of P s P t . We consider two cases.
Case 1: a = x or b = y. First, let a = x. Then R{(u a , w b ), (u a , w y )} ⊇ ∪ s i=1 {(u i , w 1 ), (u i , w t )} with g(R{(u a , w b ), (u a , w y )}) ≥ (2s)( k s+t−2 ) ≥ k since s ≥ t ≥ 2. Second, let b = y; we may assume that a < x, without loss of generality. Note that (i) R{(u a , w b ), (u x , w b )} ⊇ ∪ t j=1 {(u 1 , w j ), (u s , w j )}; (ii) R{(u a , w b ), (u x , w b )} ⊇ ∪ a i=1 {(u i , w 1 ), (u i , w t )} since, for 1 ≤ α, β i=a+1 {(u i , w 1 ), (u i , w t )})| ≥ appear to carry to the construction of k-resolving set for any integral values k ∈ {1, 2, . . . , κ(G)} in determining dim k (G), and vice versa.
